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Abstract. In the paper, the authors establish an integral representation of 
the holomorphic extension to the cut plane of a function involving the logarith- 
mic function, and prove that the function involving the logarithmic function 
is a Stieltjes function. By applying this integral representation, the authors 
discover an integral representation for Bernoulli numbers of the second kind 
and obtain the complete monotonicity of the sequence of Bernoulli numbers of 
the second kind. 



1. Introduction 

Let us recall some definitions we will use in this paper. 

Definition 1.1 ([9, Chapter XIII] and [21, Chapter IV]). A function / is said to 
be completely monotonic on an interval I if f has derivatives of all orders on / and 

(-l)"/ (n) (^)>0 (1) 

for x £ I and n > 0. 

Definition 1.2 ([19, p. 19, Definition 2.1]). A Stieltjes function is a function 
/ : (0, oo) — > [0, oo) which can be written in the form 

/(a) = _+&+/ -— d/i(s), (2) 
x J s + x 

where a, b > are nonnegative constants and fi is a nonnegative measure on (0, oo) 
such that 

f°° 1 

/ — — d^(s)<oo. 
Jo 1 + s 

Definition 1.3 ([2, p. 457]). A function / : I C (0,oo) -> [0,oo) is called a 
Bernstein function on / if f(x) has derivatives of all orders and f'(x) is completely 
monotonic on /. 

Definition 1.4 ([3, 12, 13, 16]). A function f(x) is said to be logarithmically 
completely monotonic on an interval / C R if it has derivatives of all orders on / 
and its logarithm ln/(x) satisfies 

(-l) fc [In /(*)]« >0 (3) 

for k € N on /. 
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In what follows, we use C[(0,oo)], £[(0,oo)], 23[(0,oo)], and S to denote the 
classes of completely monotonic functions on (0, oo), of logarithmically completely 
monotonic functions on (0, oo), of Bernstein functions on (0, oo), and of Stieltjes 
functions respectively. 

These classes of functions have the following properties and relations. 

Proposition 1.1 ([21, p. 161, Theorem 12b]). A necessary and sufficient condition 
that f(x) should be completely monotonic for < x < oo is that 

POO 

f(x)= / e-**da{t), (4) 
Jo 

where a(t) is non- decreasing and the integral converges for < x < oo. 

Proposition 1.2 ([19, p. 15, Theorem 3.2]). A function f : (0, oo) — » R is a 

Bernstein function if and only if it admits the representation 

f{x)=a + bx+ (1 - e~ xt ) d/i(t), (5) 
Jo 

where a,b>0 and fi is a measure on (0, oo) satisfying 

oo 

min{l,£} d(i(t) < oo. 

Proposition 1.3 ([4, 8, 12, 13]). 

5\{0}c£[(0,oo)]cC[(0,oo)]. (6) 

Proposition 1.4 ([6, pp. 161-162, Theorem 3] and [19, p. 45, Proposition 5.17]). If 
f(x) is a Bernstein function on an interval I , then is logarithmically completely 
monotonic on I. 

Proposition 1.5 ([19, p. 19, Theorem 3.6]). Let f be a positive function on (0, oo). 
Then the following assertions are equivalent. 

(1) The function f is a Bernstein function. 

(2) For every completely monotonic function g, the composite g o / is also 
completely monotonic. 

(3) For every u > 0, the function e~ ui is completely monotonic. 

For more information on these four classes of functions, please refer to [8, 9, 10, 
11, 17, 18, 19, 21] and plenty of references cited therein. 

By the way, the preprints [13, 16] were extended, revised, and formally published 
in [12, 14, 15] respectively. 

As usual, we use lnx for the logarithmic function having base e and applied to 
the positive argument x > 0. Further, it is general knowledge that the principal 
branch of the holomorphic extension of In x from the open half-line (0, oo) to the 
cut plane A = C \ (— oo, 0] is denoted by 

In z = In \z\ + i argz, 

where — tt < argz < tt and i — . See related texts in [7]. 

By a standard argument, we can reveal that the function ln(l +x) is a Bernstein 
function on (0,oo). Therefore, by Proposition 1.4, it is derived that the function 
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in(i+a:) * s logarithmically completely monotonic on (0,oo). This conclusion may 
also be directly verified as follows. In [1, p. 230, 5.1.32], it is listed that 

In - = / du. (7) 

a In u 



b 

in 

As a result, we have 



/•oo - u _ -tiln(l+ir) roc -u _ ( -l i ~\-u 

ln[ln(l + x)} = / du = / { + ' du (8) 

Jo u Jo u 

,oc 1 

/ t, r^r du , x > 0. (9) 

J 1 + a; u+1 V ; 



(1 + x) ln(l + x) 

Thus, the function prp^y^iq^ is completely monotonic on (0,oo). Equivalently 
and strongly speaking, the function ln ( 1 1 +a .- ) is logarithmically completely monotonic 
on (0,oo). 

More strongly, it is known that the function i^nq^n ^ s a Stieltjes function and 
has the integral representation 

1 1 f°° 1 dt 

zeA (10) 



ln(l + z) z [ln(t-l)] 2 + 7T 2 z + t' 

which is a corrected version of the equation (34) in [5, p. 2130]. 
We are now interested in considering 

1 1 r 

F(x) = - - = - (11) 

{ ' ln(l + a;) (1 + x) ln(l + x) (1 + x) In(l + x) y ' 

on (0, oo), which is, by (6), a difference of two (logarithmically) completely mono- 
tonic functions. Here we remark that a sum or product of any finitely many com- 
pletely monotonic functions is still completely monotonic and that a product of 
any finitely many logarithmically completely monotonic functions is also logarith- 
mically completely monotonic, sec [14], but a difference or a quotient of any two 
(logarithmically) completely monotonic functions is not always a (logarithmically) 
completely monotonic function. So, to consider the function F(x) is meaningful 
and significant. 

It is easy to see that the principal branch of the holomorphic extension of F(x) 
to the cut plane A is 

(1 + z) ln(l + z) 

The first goal of this paper is to establish an integral representation of F(z) and, 
as a consequence, to reveal that F{x) is a Stieltjes function. 
The first main result may be stated as the following theorem. 

Theorem 1.1. The junction F(z) defined by (12) has the integral representation 
f°° t dt 

F{Z) = L ft-l){[m(t-l)P + 7 r 2 } — (13) 
Consequently, the function F(x) is a Stieltjes junction. 

Bernoulli numbers of the second kind bo, bi, 62, • • • , b n , . . . are defined by 

00 

— - — - = y b nX n . (14) 

v ' n=0 
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They are also known as Cauchy numbers, Gregary coefficients, or logarithmic num- 
bers. See [20]. The first few Bernoulli numbers of the second kind are 
111 19 3 

bo = h h = -, b 2 = --, b 3 = -, b ^ = Ye6- (15) 

The second goal of this paper is to apply the integral representation (13) to 
discover an integral representation (16) for Bernoulli numbers of the second kind. 

Theorem 1.2. Bernoulli numbers of the second kind b n may be calculated by 

f°° 1 

b ^^r +1 l {[H t-i W+ ^ dt > " eN - ^ 

We recall from [21, p. 108, Definition 4] that a sequence {^n}^ is said to be 
completely monotonic if its elements are non-negative and its successive differences 
are alternatively non-negative, that is 

(-l) fe AV™ > (17) 

for n, k > 0, where 

A fe M« =J2(- 1 ) m ( k )^+k-m- (18) 

Theorem 4a in [21, p. 108] reads that a necessary and sufficient condition that the 
sequence {/i„}§° should have the expression 



/i„ = / t n da(t) (I!)) 
Jo 

for n > 0, where a(t) is non-decreasing and bounded for < t < 1, is that it should 
be completely monotonic. 

The third goal of this paper is to, making use of the integral representation (16), 
obtain the complete monotonicity of the sequence {(— l) n b n+1 }^ =0 of Bernoulli 
numbers of the second kind. 

Theorem 1.3. The sequence {(— l) n b n+ i}^ =0 of Bernoulli numbers of the second 
kind is a completely monotonic sequence. 

2. Lemmas 

In order to prove Theorem 1.1, some lemmas are needed. 

Lemma 2.1 (Cauchy integral formula [7, p. 113]). Let D be a bounded domain with 
piecewise smooth boundary. If f(z) is analytic on D, and f(z) extends smoothly to 
the boundary of D, then 

f{z) = ^-l ^dw, zeD. (20) 
2m J 9D w- z 

Lemma 2.2. For z = ee l6 with 9 € [— f , f ] and e € (0, 1), we have 

lim \zF(z)] = 0. (21) 

Proof. It is enough to show |z_F(z)| — > as e — > + . 
For z = ee ie and 9 e (-f , f ), we have 

i6\ 2 



\zF{z)\ = 



[ee 



(1 + ee ie )\n(l + se* 8 ) 



A STIELTJES FUNCTION AND AN APPLICATION 



|e 2 e 2ie | 



\l + ee te \\\n\l + ee i9 \ + i arg(l + ee 1 ' 



< 



\l + ee ie \\ln\l + ee 



i0\ 



VI + e 2 + 2e cos 9 I In Vl + s 2 + 2s cos 9 1 



It is easy to see that 



lim 



e^o+ Vl + e 2 + 2ecos6»|ln\/l + £ 2 + 2£ cos6»| 

£ 2 

e ™+ |ln(l+e 2 + 2ecos6»)| 
e 2 

= 2 lim — — 

£ ^o+ |e 2 + 2ecos6 l | 



= 0. 

Hence, it follows that |zF(z)| — > as e — > + . 
For z = ±ie, we have 

{±ief 



\zF{z)\ = 



(1 ± ie) ln(l ± ie) 

,-2 



|1 ± In |1 ± ie| + i arg(l ± ie)\ 

_2 



VTTe 2 ^(ln|l±ie|) 2 + [arg(l±ie)] : 



VTTe 2 VW + e 2 )] 2 / 4 + (arctane) 2 

e 



VTTi 2 ^/{[lnfl + e 2 )]/e} 2 /4+ [(arctane)/^ 2 




\/TTo 2 v /o 2 /4 + i 2 



o. 



The proof is complete. 



□ 



Lemma 2.3. As r — > oo 7 t/ie function F(z) tends to uniformly for 9 <E (— 7r,7r) 
and z = re* e . 

Proof. It is not difficult to see that 
|F(z) 



< 







(I + re 


9 )\n(l + re ie ) 
r 




\l + re lb 


||ln|l + re ie | - 
r 


- z arg(l + re je ) 


\l + re lb 


||ln|l + re^|| 
r 




Vl + r 2 


+ 2r cos 9 In \/l + r 2 + 2r cos 



< 
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(r - l)ln(r - 1) 




as r —¥ oo. The proof is thus complete. 
Lemma 2.4. For t £ (0, oo), we have 



□ 



lim QF(-t + ie) = < 

E^0 + 



0. 



7Tt 



< t < 1; 

1 > 1; 



(t-l){pn(*-l)] 2 +7r 2 }' 

oo, i = 1. 



(22) 



Proof. For £ £ (0, oo) and e £ (0, 1), we have 

—t + ie 



F(-t + ie) = 



(1-t + ie) ln(l -t + ie) 
—t + ie 



(1 - t + ie) [In 1 1 -t + ie\ +«arg(l - t + ie)} 
—t + ie 

(1 - t + ie) [in |1 - t + ie\ + i arctan j^] ' 
-t + ie 

(1 — t + ie) [in |1 — t + ie\ + i(ir + arctan yz^)] 
-1 + ie 



k ie(lne + i|) ' 



1-t > 
, 1-i < 
l-t = 



(1-i) In 1 1 — t| ' 
-i 

(1 -i)[ln|l -i| +ttz]' 

, ilim £ ^ + [e(lne + if)] ' 
i 

(t - 1) ln(l - t) ' 
i[ln(i - 1) - m] 

(t-l){[ln(i-l)P + 7r 2} 

oo, i = 1 



l-i>0 
1-i < 
1-i = 

< t < 1 
, i > 1 



as e — > + . The proof is thus complete. 



□ 



3. Proofs of Theorems 1.1, 1.2, and 1.3 
Now we are in a position to prove Theorems 1.1, 1.2, and 1.3 in sequence. 

Proof of Theorem 1.1. For any fixed point z e A, choose < e < 1 and r > such 
that < £ < \z\ < r, and consider the positively oriented contour C(e,r) in A 
consisting of the half circle z = ee 10 for 9 £ [ — f ; f ] an d the half lines z — x + ie 
for x < until they cut the circle \z\ — r, which close the contour at the points 
—r(e) ± ie, where < r(e) — > r as e — >• 0. See Figure 1. By Lemma 2.1 we have 
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Figure 1. The contour C(s,r) 
F(w) 



■ dw 



C(e,r) 



iee i6 F(ee ie ) f° F{x + ie) 

■ do ' 



tt/2 ^ ■ 

- r{£) F{x - is) 



r(e) 



x + ie — z 



■ dx 



dx 



arg[— r(e)+te] 



ire 



? F(re ie ) 



d6 



Iq x — is — z 
By Lemma 2.2, it follows that 

r*l 2 iee ie F{ee lB ) 
hm / tz 

£->o+ ee ltj - z 

In virtue of Lemma 2.3, it can be derived that 

/•arg[-r(e)+fe] i re ie F( re ie ) 

lim / rs-i >-&6= lim 

e^0+ y a rg[-r(e)-ie] re ~ z 
r— >oo 



g[— r(e)-ie] 



re" 



dO = 0. 



ire 



»f ( re <«) 



d0 = O. 



Making use of the obvious fact that F(z) — F(z) and Lemma 2.4 yields that 



F(x + is) , , r r{£) F(x - is) 



dx 



-(e) 



X + IE — Z 



■ dx 



X — IE — Z 



-r(s) . 



F(x + ie) F(x-ie) 



X + IE — Z X — IE — Z 



Ax 



-f 

J —r 

= 2i 
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(x — ie — z)F(x + ie) — (x + ie — z)F(x — ie) 



dx 



(x + ie — z) [x — ie — z) 
(x - z)[F(x + ie) - F(x - ie)} - ie[F(x - ie) + F(x + ie)} 



00 
o 



(x + ie — z)(x — ie — z) 



dx 



(x - z)3F(x + ie) - e$iF{x + ie) 



r , E \ (x + ie — z)(x — ie — z) 



dx 



x — z 

lim e ^ 0+ QF(-t + ie) 



= -2i [ 

Jo t + z 

= ~2i r iim ^° + + ie) 

Jo 



= 2iri 



t + z 
t 



dt 
dt 



dt 



(26) 



h {t-i){[Ht-i)f + ^}t + z 

as e — > + and r — > oo. Substituting equations (24), (25), and (26) into (23) and 
simplifying produce the integral representation (13). The proof of Theorem 1.1 is 
complete. □ 

Proof of Theorem 1.2. By the integral representation (13), we have 



1 + x 



and 



ln(l + x) J l (t- l){[ln(i- 1)] 2 + tt 2 } x + t 



1 + x 



dt 



(27) 



X 


(fe) <-oo 


t 




ln(l + x)_ 


~Jl (t- 


l){pn(*- 


1)] 2 + ^ 2 } 




POO 


t 






~Jl (t- 


l){pn(*- 


1)] 2 + ^ 2 } 



(fe) 



(-l) fe+1 fc! 



/j [ln(t-l)] 2 +^ 2 (x + t) fc + 1 
for k G N. On the other hand, by (14), we also have 



dt 
\ (fc) 
) ' 
dt 



(28) 



_ln(l + x 
Combining (28) with (29) leads to 
n! 



n—k 



„n—k 



{n-k)\ 



(29) 



E 6 - 

n—k 



(n-k)\ 



poo , 1 

(-l) fe+1 fc! / — — rr-rdt. (30) 

v ' J l pn(t- l)] 2 +7T 2 (x + t) fe +! v 7 



Letting x — >• + on both sides of (30) yields the formula (16). The proof of Theo- 
rem 1.2 is completed. □ 

Proof of Theorem 1.3. From (16), it follows that for n € N 

/■OO 1 
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! n 

s n d 



x {[ln(l/ S -l)P + 7r 2 } Vs 



1 1 



{[ln(l/s-l)]2 + 7r 2 } 
1 



n - 2 ds 



1 



o S {[ln(l/ S -l)P+^ } 



A 

= C„_i. 



Since Co = b\ = | and the function ^nwTT^rnpq^r is positive on (0, 1), then the 
complete monotonicity of the sequence {c„}g° is readily obtained. The required 
result is thus proved. The proof of Theorem 1.3 is complete. □ 
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